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ABSTRACT

Many proximity graphs join two sites when a region determined by the pair contains no other site. We
study finite empty-region rules for which the region associated with each pair is obtained from a fixed
normalized Borel region by translation, rotation, and uniform scaling. If ax denotes the volume of the
unit region, then the corresponding pairwise region has volume ax #¢ , where d is the dimension and
¢y, 1s the pair length. Thus, at the first-order stochastic level, the geo}netry of the rule enters through
the single scalar ay.

For a homogeneous Poisson process, this factorization yields the exact fixed-pair void prob-
ability and, for any Borel unit-region rule, the incident-edge length intensity, mean out-degree,
and normalized incident-edge length law. For symmetric rules, the out-degree coincides with the
ordinary degree. The normalized incident-edge length law is Weibull with shape parameter d and
scale (pag)~". Explicit formulas for the d-dimensional volume ag are given for several proximity
graphs, including the Gabriel graph, the relative-neighborhood graph, lune-based f-skeletons, and
stepping—stone graphs. In the planar case, the framework also covers the circle-based f-skeleton
through Veltkamp’s diagonal parameterization, together with selected prescribed two-ball regions

associated with Veltkamp’s y-neighborhood construction.

1. Introduction

Proximity graphs are graphs defined on point sets in
Euclidean space, in which two points are adjacent when-
ever they are sufficiently close according to some geomet-
ric criterion. A major subclass is based on empty-region
rules: a region is associated with a candidate pair of points,
and the pair is adjacent whenever this region contains no
other points of the set (Jaromczyk and Toussaint, 1992;
Cardinal, Collette and Langerman, 2009). Originally, mo-
tivated by their main applications, proximity graphs were
defined for point sets in the plane, but their definition nat-
urally extends to higher-dimensional spaces (Jaromczyk and
Kowaluk, 1991; Devroye, 1988). Classical examples include
the Gabriel graph, the relative neighborhood graph, the
nearest neighbor graphs, f-skeletons, and the sphere-of-
influence graph (Jaromczyk and Toussaint, 1992; Mitchell
and Mulzer, 2017; Mathieson and Moscato, 2019). Proxim-
ity graphs have been used in geographic analysis (Gabriel
and Sokal, 1969), data mining (Toussaint, 2005), topologi-
cal data analysis (Correa and Lindstrom, 2011; Jurkiewicz,
2023), machine learning (Marchette, 2005; Toussaint and
Berzan, 2012), modeling urban street networks (Watanabe,
2008; Maravillo, Calvillo and Trevifio-Aguilar, 2023), com-
munication and wireless-network design (Iguchi-Cartigny,
Ruiz, Simplot-Ryl, Stojmenovic and Yago, 2008), and even
in archaeological studies (Jiménez-Badillo and Chapman,
2002). For further applications, see (Jaromczyk and Tous-
saint, 1992; Toussaint, 2014a,b).
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Proximity graphs have been extensively studied from
both algorithmic and theoretical perspectives (Cimikowski,
1990; Hurtado, Liotta and Meijer, 2003; Cardinal et al.,
2009; Bose, Dujmovi¢, Hurtado, Iacono, Langerman, Mei-
jer, Sacristan, Saumell and Wood, 2012; Kowaluk and Ma-
jewska, 2015). Their probabilistic properties have also re-
ceived considerable attention for graphs built on random
point sets. Devroye (1988) determined the expected size of
empty-region graphs on # i.i.d. points with an arbitrary den-
sity in R¢ under suitable regularity and symmetry assump-
tions on the associated regions. Alonso, Méndez-Bermudez
and Estrada (2019) computationally analyzed the average
degree of f-skeletons constructed on points uniformly dis-
tributed in the planar unit square. Watanabe (2008) derived
the expected length of the edges of the relative neighborhood
graph of a planar homogeneous Poisson process in terms
of its intensity. More recently, Sambale, Schulte and Thaele
(2026) established limit laws for longest edges in several
empty-region graphs generated by stationary Poisson point
processes.

The present paper continues this line of research on
the probabilistic properties of proximity graphs. We con-
sider empty-region graphs generated by a homogeneous
Poisson point process in R¢, allowing arbitrary defining
regions that are Borel sets with finite positive Lebesgue
measure. This framework includes well-known examples
such as the Gabriel graph, the relative neighborhood graph,
and f-skeletons. Our main contributions are summarized
below:

Geometric factorization. The paper identifies a class of
finite similarity-region empty-region rules and proves that
the region S(p, q) associated with each pair p # ¢ has
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Unit-region factorization for empty-region proximity graphs

volume

2 (S @) = akllp—all“, (1.1)

where A, is the d-dimensional Lebesgue measure and ay
is the volume of the unit region. Thus the geometric depen-
dence of every rule in the class is reduced to one region-
volume constant.

Poisson—Palm consequences. For a homogeneous Pois-
son process with intensity p, the factorization yields the
exact fixed-pair void probability, the mean out-degree, and
the normalized incident-edge length law. For symmetric
rules, the out-degree is the ordinary degree. The normalized
incident-edge length law is Weibull with shape parameter d
and scale parameter (pa K)‘]/ a,

Explicit ball-generated constants.

Using hyperspherical-cap formulas, the paper derives ex-
plicit d-dimensional volume constants for lune-based p-
skeleton regions. In the planar case, the same cap formulas
apply to the diagonal Veltkamp subfamily, which recovers
the circle-based f-skeleton, and to selected prescribed two-
ball regions associated with Veltkamp’s y-neighborhood
construction.

Stepping-stone volume constant. For the stepping—stone
diversion region, the paper derives a dimension-uniform
integral representation for the volume of the unit region.
This makes the unit-region factorization explicit for the
stepping—stone family and therefore yields its Poisson—Palm
consequences.

The remainder of the paper is organized as follows.
Section 2 establishes the notation and standing assump-
tions. Section 3 introduces the similarity-region framework
and proves the unit-region volume factorization. Section
4 derives its consequences for homogeneous Poisson in-
put, including the fixed-pair void probability and the Palm
incident-edge results. Section 5 evaluates the region-volume
constants for the principal examples. Section 6 discusses the
scope, limitations, and possible extensions of the framework.
Section 7 concludes.

2. Notation and standing conventions

Throughout the paper, we work in the Euclidean space
R9, with ambient dimension d > 2, equipped with the Eu-
clidean norm ||-|| and the d-dimensional Lebesgue measure
Ag. We write 0 for the origin and e; = (1,0,...,0) for the
first coordinate vector.

For x € R? and r > 0, let

B(x,r) :={yeR’ : ly—x| <r} 2.1
be the closed Euclidean ball. Its volume is
Ag(B(x,r) =k 19, (2.2)

where
7'l
1= 14(B(0,1) = ————, 23
Ka 4(B(0, 1)) T(+42) (2.3)
and I' is Euler’s gamma function.
For every candidate pair p # ¢ € R?, define
. ._49-p
fp,q = ”p - q” s up,q = f_ (24)
X

Thus 2, , is the pair length and u,, , is the unit vector from
p to g. When a rotation is needed, R, , € O(d) denotes an

orthogonal map satisfying R, ;e; = u,, ,. The affine map

T,,(2) :=p+7C,,R,,2 2.5

P-q psq
sends the normalized segment [0, ;] to [p, q].
The symbol K C R? denotes a normalized unit region,
and
ag = A4(K) (2.6)
denotes its unit volume.
Let V' c R? be a finite or locally finite set of points.
To each pair of distinct points p,g € V, associate a region
or neighborhood S(p, g) C R?. A neighborhood graph, also
called proximity graph, is a graph G = (V, E) whose edge
set is determined by a property p of these regions: namely,
(p,q) € E if and only if S(p,q) satisfies P (Jaromczyk
and Toussaint, 1992). When the property P consists of the
empty-region rule

Sp.g)nV \ {p.q}) = 0. 2.7

For a nonsymmetric rule, this condition defines a directed
arc p — q. When the rule is symmetric, this condition also
holds with p and ¢q interchanged and defines the undirected
edge {p,q}. The resulting graph is known as an empty-
region graph, and the pair p, g that satisfy this criterion are
called adjacent; see Cardinal et al. (2009). The choice of the
regions S(p,q) determines several well-known proximity
graphs, such as nearest-neighbor graphs, the Gabriel graph
(Gabriel and Sokal, 1969), the relative-neighborhood graph
(Toussaint, 1980), p-skeletons (Kirkpatrick and Radke,
1985), y-neighborhood graphs (Veltkamp, 1992), and
stepping—stone graphs (Kannangara, Tanin, Harwood and
Karunasekera, 2018).

In this paper, we restrict attention to Borel sets S(p, q)
satisfying 0 < 4,;(S(p, q)) < oo.

In the probabilistic sections, ® denotes a homogeneous
Poisson point process on R? with intensity measure pA;,
where p > 0. The symbols IP and IE denote probability and
expectation. For z € R, let IP? denote the Palm probability
of @ at z, and let IE* denote the corresponding expectation.
In particular, Palm probability and expectation at the origin
are denoted by P? and IE?, respectively.

The set N, := {0,1,2,...} is used for order-k empty-
region rules. Boundary conventions are fixed in the deter-
ministic graph definition: the empty region may be open,
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Original pair
y=R'(z-p)

pa

Translate and rotate Scale

.q

e, =(1,0)

X

Figure 1: Normalization of a pairwise empty region. Starting from a candidate pair p, ¢, translate by —p, rotate the segment g—p
onto the e,-axis, and scale by fp‘(‘l. The resulting normalized region is the unit region K, while the original pair region is recovered

as S(p,q)=p+7¢,,R, K.

p.q="pq

closed, or given by an interior. Here 0.S(p, q) denotes the
boundary of the pair region S(p, g). For Poisson point pro-
cess whose intensity measure is absolutely continuous with
respect to 44, these conventions give the same void proba-
bilities whenever 4,(d.S(p, g)) = 0. For deterministic point
sets, the chosen boundary convention can change the edge
set when data points lie on 9.5 (p, g).

3. Unit regions

Definition 3.1 (Unit region). Assume that S is a measurable
translation-covariant pairwise empty-region rule. Then S
has a unit region if there is a Borel set K C R? with
0 < 244(K) < oo such that, for every p # q € R4, there
exists R, , € O(d) satisfying

Roger = g
S, q) p+7¢,,R, K.

P.g P

The same condition can be expressed as a unit-region
construction with a fixed normalized region that is trans-
lated, rotated, and uniformly scaled according to the candi-
date pair (Cardinal et al., 2009). It is also implied by set-level
similarity equivariance.

@3.1)
(3.2)

Proposition 3.2 (Similarity equivariance gives a unit re-
gion). Suppose that S is measurable and that, for every
Euclidean similarity T(x) = Tt Rx+a, witht > 0, R € O(d),
and a € R?, one has

ST P).T(@)=T(Sp.9)- (3-3)

Then S has a unit region, namely K = 5(0, e).

Proof. For p # g, choose R, , € O(d) with R, je; = u
The similarity T(x) = p+ ¢
Hence
Sp,q) =S (T(0),T(e))
=T (S(O,el)) =p+/7

p.q°

. Rpqx maps [0,¢] to [p,q].

(3.4)

pq RPJI K.

Thus, similarity equivariance yields the required unit-region
representation. 0

For d > 3, many orthogonal maps send e; to u, ,. The
volume identity is independent of this choice, since every
orthogonal map preserves 4,;. The graph-level definition
also needs a definite orientation convention when K lacks
axial symmetry around the e-axis. This can be supplied by a
measurable choice (p, g) = R, ;, or by imposing invariance
of K under all rotations fixing e;. The regions associated
with the Gabriel graph, the relative-neighborhood graph,
p-skeletons, and stepping—stone graphs satisfy this axial-
symmetry condition.

Theorem 3.3 (Unit-region factorization). If S has a unit
region K, then for p # g € R?

Aq(S(p. @) = axty . (3.5)
Proof. Translation and orthogonal maps preserve Lebesgue
measure. Scaling by ¢, , multiplies d-dimensional volume

by f;’q. Applying this to (3.2) gives

A4S @) = 44 (p+ £, 4R, K) =24 44(K). (3.6)

p.q="pq

Therefore, the volume of the pair region factors into the unit-
region constant and the distance scale. O

4. Poisson void probabilities and Palm
consequences

A pairwise empty-region rule is a geometric construc-
tion. Given a locally finite configuration  C R, two
distinct points p, g € 5 are adjacent when the region S(p, q)
associated with the pair contains no point of # other than the
endpoints. Thus, the empty-region condition is

n(Sp. 9\ {p.q}) =0, 4.1)

where 7(A) denotes the number of points of # contained in
a Borel set A C RY.

In this section, the vertex configuration is a homoge-
neous Poisson point process. The deterministic empty-
region condition then becomes a Poisson void event. The
unit-region factorization established in Section 3 implies
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that the volume of the region associated with a pair depends
only on its length and on the region constant:

Aa(S@. )\ {p.a}) = 24(Sp. )

(4.2)
= ang’q, p # q-

Hence, for the homogeneous Poisson model, the geometric
effect of the rule enters the fixed-pair calculation through the
single scalar ag.

Let ® be a homogeneous Poisson point process on R4
with intensity measure pA,;, where p > 0. For every Borel
set A ¢ R? with Aqg(A) < o0,

®(A) ~ Poisson(piy(A)), 4.3)

and the counts on disjoint Borel sets are independent. In
particular,

P {®(A) =0} =exp {—pAy(A)}. 4.4)

Equation (4.4) is the Poisson void probability; see (Last and
Penrose, 2017; Baccelli and Btaszczyszyn, 2010).

Corollary 4.1 (Fixed-pair Poisson void law). For every
deterministic pair p # q,

P{O(S@.0)\ (p.a}) =0} =exp{—paxzs, }. @35)

Equivalently, (4.5) is the probability that the prescribed pair
D,q is adjacent after the two points are inserted into an
independent Poisson configuration.

Corollary 4.1 concerns a prescribed candidate pair. We
now pass to the local neighborhood of a typical point of
the process. Let P? denote the Palm distribution of ®,
at the origin, and let CD") be the associated reduced Palm

process. Under P, the configuration may be viewed as a
distinguished point at 0 together with the remaining process
<IJ(!); hence the candidate neighbors are the points of (D(’). By
the Mecke—Slivnyak theorem,
d

D, =@, (4.6)
where the process on the right is again a homogeneous
Poisson process with intensity measure pA,; see (Baccelli
and Blaszczyszyn, 2010; Last and Penrose, 2017).

Corollary 4.2 (Typical points Poisson void law). For every
two typical points (p, q) with p # g,

pra {dbl!]’q(S(p, 9) = 0} — exp {—pakfl‘iq} @7

Proof. The two-point Palm identity follows from Slivnyak’s
theorem, since @' has the same distribution as ®. Apply the
Poisson void formula (4.4) to S(p, q), then use 4,(S(p, 9)) =

¢ O
aK p’q .

For a candidate point x € 7, define

2k () 1= 1{n(S0,x) \ {0,x}) = 0}. 4.8)

Thus yg(x;n) = 1 precisely when no point of # other than
the endpoints 0 and x lies in the pair region S(0,x). In
particular, under the reduced Palm distribution,

Ik @y =1 (4.9)

if and only if the directed edge that goes from the Palm point
to x is present. If the rule is symmetric, namely

S(p,q) = S(q.p),

then this is equivalent to the undirected edge {0, x} being
incident to the Palm point.

P#4q, (4.10)

Corollary 4.3 (Palm—Mecke identity for incident edges).
For every nonnegative measurable function g: R? —
[0, o0),

E'| ) () xx(x: @) |=p / g(x)
cea! R .11)

X exp{—pangx} dx.

Proof. By (4.6), the reduced Palm process dD(!) has the same
distribution as a homogeneous Poisson process of intensity
pA4. Applying the Mecke formula to <I>(!) therefore yields

B0 ) e()ak(e®p) | =p /R 800

!
xe(l)o

X P {®(S(0,x)) =0} dx.

(4.12)

By Corollary 4.1,
P {®(S(0,x)) =0} =exp { —pakfg,x} L @413)
Substitution gives (4.11). O

The deterministic integration variable x in (4.11) rep-
resents the displacement of a candidate neighbor from the
Palm point. Although the exclusion region S(0,x) may
depend on the direction of x through the rotated region K,
unit-region factorization depends on the candidate displace-
ment only through ¢, and on the region only through its
volume constant ag = 4,(K). Thus, at this first-order void-
probability level, the detailed shape of K does not enter
beyond its volume.

Definition 4.4 (Palm incident-edge length measure). Define
a measure vy on [0, 00) by

vg(C) :=E? Z k(i ®PL {2y, €C}|, (4.14)

xGCD(!]

for every Borel set C C [0, o).
Thus v (C) is the expected number of edges from the
Palm point whose Euclidean lengths belong to C. In general,
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Vi 1S a finite first-moment measure. In the nonsymmetric set-
ting, this measure concerns edges directed outward from the
Palm point. Under symmetry, these are the usual undirected
edges incident to that point.

Corollary 4.5 (Incident-edge length law). The Palm
incident-edge length measure vy is absolutely continuous
with respect to Lebesgue measure and satisfies

v (dr) = pdicgr®~ exp {—paxr?} dr, r>0. (4.15)
Equivalently, for every r > 0,
v ([0,7]) = — (1 —exp{-pagri}). (4.16)
K

Proof. Let h: [0,00) — [0, c0) be measurable. By Defini-
tion 4.4 and Corollary 4.3, applied with g(x) = h(Z ),

/ h(r) vg(dr) = P/ h(y )
[0,00) R4

X exp {—pangx} dx.

(4.17)

The integrand is radial because it is a function only
of £y, = llx|l; equivalently, it is invariant under every
orthogonal transformation @ € O(d), since ||Ox|| = [|x]|.
Hence polar coordinates in R“, with dx, equal to the surface
area of the unit sphere in R?, yield

[ee]
/ h(r) v (dr) = pdx, / h(ryrd—1
[0,00) 0
X exp {—paKrd} dr.

(4.18)

Since this holds for every nonnegative measurable A, (4.15)
follows.

Finally, integrating (4.15) over [0, r], with the substitu-
tion u = pays?, gives

pagr
Ve ([0,r]) = —£ / e du,
0

ak

which is (4.16). O

(4.19)

For a locally finite configuration # and p € 5, define

degomim = D 1{n(S(.a)\ (p.q}) =0}. (4.20)

Letting r — oo in (4.16) yields

K
vk ([0, 00)) = 2. (4.23)
ag
Hence
K
E° [degy, (0;®@)] = a—d. (4.24)
K

Now let z € R4. Under PPZ, translating the Palm
configuration by —z yields a configuration with the same
law as the Palm configuration at the origin. Since the rule
is translation covariant, this translation preserves directed
adjacency and maps the out-degree of z to the out-degree
of 0. Therefore,

K,
E? [deg,, (z;®)] = E [degyy, (0;®y)] = a—" (4.25)
K
Hence, the mean out-degree depends only on the volume of
the unit region. U

Corollary 4.7 (Undirected-edge intensity per Poisson ver-
tex). Assume that the unit-region rule is symmetric, namely,
S(p,q) = S(q,p), for p # q. Then the directed relation
defines an undirected graph, and deg(p) = deg,,(p). Let
P k denote the spatial intensity of undirected edges of the
stationary graph. Then
PEK Kg

_— = 4.26
= (4.26)
Equivalently, the undirected-edge intensity normalized by
the vertex intensity is k;/(2ay); it is one half of the mean
degree of a typical vertex.

Proof. Under symmetry, the out-degree equals the ordinary
undirected degree.

K,
E? [deg (0; @y )] = E° [deg,, (0;Dy)] = a—d (4.27)
K
by Corollary 4.6.
Each undirected edge has exactly two endpoint inci-
dences. Therefore, the spatial intensity of endpoint inci-
dences is twice the spatial intensity of undirected edges:

205k = pIE [deg (0;Dy)] . 4.28
qen\{p} pek = PE" [deg (0: @y)] (4.28)
Corollary 4.6 (Mean out-degree of a typical Poisson vertex). Hence
F e RY, K
orevery z 2PE,K - pa_d_ 4.29)
K K
E? [deg,, (2)] = —%. 4.21)
[degou ()] ag Dividing by 2p yields
Proof. By Definition 4.4, PE K K,y 4.30)
p - 2ag’ .
0 ! .
vk ([0, 00)) = I Z Xk (X @) as claimed. O
<ea) 4.22)
= E° [deg,, (0)] -
H. Espino-Montelongo and H. Maravillo: Preprint submitted to Elsevier Page 5 of 15
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Definition 4.8 (Palm incident-edge length distribution). The
Palm incident-edge length distribution is the probability
measure pg on [0,0) defined, for every Borel set C C
[0, 00), Dy

ug(C) 1=

w(© ‘;—KVK(C). 431)

vg ([0, ) &y
Theorem 4.9 (Weibull law for incident-edge lengths). Let
Ly be a random variable with distribution ug. Then, for
every? >0,

P(Lg <¢)=1-exp{-paxt?}. (4.32)
Consequently, Ly has density
gk (@) = pdag ¢~ exp{—payxt?}, ¢ >0. (4.33)
Hence,
Ly ~ Weibull (d, (pag)~"), (4.34)
under the shape—scale parameterization
a
PW < w)=1—-exp {— <ﬂ> } w >0, (435)
[0}
for W ~ Weibull(a, o).
Proof. Let ¢ > 0. By Definition 4.8,
P(Lg <2) = ug([0,£]) (4.36)
0,7
- (9.7 437)
vk ([0, )
By Corollary 4.5,
K,
v ([0,2]) = a—d [1 —exp {~paxt?}]. (4.38)
K
while Corollary 4.6 gives
K4
Vi ([0, 00)) = —. (4.39)
ag
Therefore,
P(Lx <¢)=1-—exp{-pagt’}, (4.40)
which proves (4.32).
Differentiating (4.32) on (0, o) gives
gk (€)= pdag ¢~ exp{—payxt?}, (4.41)
proving (4.33). Since
d
4
agt? = ——) ., 4.42
P <(pa,<>—1/d> 4

the distribution function in (4.32) is the shape—scale Weibull
distribution with shape parameter d and scale parameter
(pag)™".

Finally, the Palm measure v (C) counts edge incidences
at a typical Poisson vertex whose lengths lie in C by station-
arity of the homogeneous Poisson process and translation
covariance of the rule. If the rule is symmetric, every edge
will have two endpoint incidences with the same length.
Hence the factor 2 cancels after normalization. Therefore
the normalized Palm incident-edge law py coincides with
the length law of a typical undirected edge. 0

Corollary 4.10 (Scaling and exponential transform). Let
Ly be the Palm incident-edge length of Theorem 4.9. Then

Zy = (pag)’' Ly ~ Weibull(d, 1). (4.43)
Equivalently,
Ug = pag L% = Z§ ~ Exp(1). (4.44)

Proof. By Theorem 4.9, multiplication by the reciprocal
scale parameter gives (4.43). Raising a unit-scale Weibull
random variable with shape parameter d to the power d
gives a standard exponential random variable, which proves
(4.44). O

Interpretation of the Weibull parameters. The Palm
incident-edge length is Weibull distributed. Its scale parame-
ter (pay )~ '/ is the natural length scale of the empty-region
rule. Indeed, for a candidate neighbor at distance ¢, the
expression

pAq(8(0,x)) = pagt? (4.45)
represents the mean number of other Poisson points inside
its exclusion region. At # = (pay)~"“, this mean equals
1. Equivalently, the corresponding void probability is e™!,
yielding

P(Lg < (pag) /)y =1-¢". (4.46)
Thus, the scale parameter (paK)_l/d operates as a char-
acteristic edge-length scale, although it does not coincide
generally with the mean or the median of Lg. Increasing
either the intensity p or the geometric region factor ay
monotonically decreases this scale.

The shape parameter is explicitly governed by the
ambient dimension d. The exclusion-region volume scales
as ag?? which induces the void probability factor
exp(—pax??), while the differential change of variables
in polar coordinates contributes the shell Lebesgue measure
factor #9~!. Integrated dually, they yield the probability
density function

gx(©) = dpag '~  exp (—pagt?), (4.47)

and hence the Weibull shape parameter d. In particular,

(pag)"’! Ly ~ Weibull(d, 1), (4.48)
implying that, within a fixed dimension d, the law of the
standardized Palm incident-edge length (pa K)l/ 4L is in-
variant across admissible rules.

The Weibull identification determines every quantity
that depends only on the one-dimensional distribution of
a single edge length L. In particular, its distribution and
survival functions, density, hazard and cumulative hazard
functions, quantiles, and moments are all available in closed
form. Thus, the moment, quantile, coefficient-of-variation,
and related formulas in Table 3 are exact first-order charac-
teristics of the edge-length distribution. Here, “first-order”

H. Espino-Montelongo and H. Maravillo: Preprint submitted to Elsevier

Page 6 of 15



Unit-region factorization for empty-region proximity graphs

refers to the point-process level of the result: each quantity
concerns one selected edge length Lg. This includes the
second raw moment and the variance, despite their involving
powers of L. Such quantities require no joint distribution
for two distinct edges, two distinct vertices, or several edge
lengths from a common realization.

By contrast, the edge lengths observed in one realization
of the graph are not, in general, an i.i.d. sample from p.
The number of observed edges is random, and distinct edge
events are typically dependent. Nearby candidate edges may
share vertices or have overlapping exclusion regions, so their
acceptance is partly determined by the same Poisson points.
Consequently, the occurrence and length of one retained
edge can be statistically dependent on those of another.
Thus, even conditional on the number of observed edges, an
enumeration L, ..., L,, of their lengths is not generally an
i.i.d. sample from pg. Its joint law is not determined by the
one-dimensional Palm law p, or by the scalar ag, alone.

Table 2 summarizes the exact Poisson—Palm quantities
determined by the common unit-volume constant a.

The planar relative-neighborhood graph (RNG) provides
an earlier instance of this functional form. Watanabe (2008)
obtained the edge-length density of an RNG from a homo-
geneous Poisson process in the plane.

2pa; g7 €Xpl{—pa, rnGE 2}, 20, (4.49)

through a geometric-probability calculation based on the
RNG region. Equation (4.49) is the present normalized Palm
incident-edge density for the relative-neighborhood graph in
dimension d = 2. The calculation was not formulated as
a normalized Palm first-moment law, nor was its Weibull
form or its extension to general finite similarity regions made
explicit.

5. Special cases

All numerical figures in this section use the same three-
panel format: the left panel shows the normalized unit re-
gion, the center panel compares the empirical mean degree
with its theoretical value, and the right panel compares
rescaled edge-length distributions with the limiting Weibull
law. We begin with the hyperspherical-cap volume formula,
which provides the geometric ingredient for ball-generated
regions, and then apply the same unit-region framework to
the remaining graph families.

5.1. Ball-generated regions
The volume calculations in this subsection are based on
the following hyperspherical-cap formula.

Lemma 5.1 (Hyperspherical-cap volume). Let r > 0 and
0 < h < 2r. The volume of a d-dimensional spherical cap

of radius r and height h is

f Kdrd
v 2 d+1 1 0<h<r,
%) _ 1‘<1"’/f>2( 2 ’5)’
I/::ap (r’ h’) =3 J Kdrd
Kal™ = <h<?2
+1 1\ F=n=<b
o (1),
(5.1)

where I (a, b) is the regularized incomplete beta function.

Proof. This is the hyperspherical-cap formula of Li (2011).
0

Proposition 5.2 (Volume of a two-ball region). Let
K=B(Co,r0)nB(Cl,rl), 6= “Cl _C0||, (52)

where 1y, > 0. If 6 > 1y + 11, then

Ag(K) = 0. (5.3)
If6 < |ry — 14|, then
A4(K) = k;min{ry, 1, }9. (5.4)

In the transverse-overlap case |ty —1;| < 6 <1y +1], define

5% + rg - rl2
Xg i= — X; i=6— X, 5.5)
and
hy =15 — Xq, hy i=r1) —X;. (5.6)
Then
Aq(K) = ViD(ro, ho) + VD (xy, hy). (5.7)

cap cap

Proof. The first two cases correspond, respectively, to dis-
joint balls and to containment of the smaller ball in the larger
one. In the transverse-overlap case, the common boundary of
the two balls lies in a hyperplane perpendicular to ¢; — c.
The intersection is therefore the union, up to a Lebesgue-null
boundary, of two caps with heights A and h . Equation (5.7)
follows from Lemma 5.1. O

Corollary 5.3 (Gabriel region). For

Koo = B (e—‘ 1) (5.8)
GG — 2 » ) b .
the unit region volume is
ag66 =2""%,. (5.9)
Proof. The region is a ball of radius 1/2. O
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Weibull simulation

Figure 2: Numerical results for the planar Gabriel graph:
unit region, empirical mean degree, and rescaled edge-length
distributions.

Kpno ) Mean degree Weibull simulation

degreé

Figure 3: Numerical results for the planar relative-
neighborhood graph: unit region, empirical mean degree, and
rescaled edge-length distributions.

Corollary 5.4 (Relative-neighborhood region). For

Kgng = B(0,1) N Bley, 1), (5.10)
the unit region volume is
d+1 1
ad,RNGdeI3/4( > 5) (5.11)

Proof. Apply Proposition 5.2 withry =r; = land 6 = 1.
The two caps have common height 1/2. O

Corollary 5.5 (Lune-based f-skeleton region). For f > 1,

let
Kep=B <<1 - g) el,§> NnB <§e1, g) . (5.12)

A\’ d+1 1
ap=ra(3) 1w (553)

Proof. The two balls have common radius /2, center sep-
aration f — 1, and cap height 1/2. Proposition 5.2 therefore
gives the stated formula. O

Then

(5.13)

Weibull simulation

Ky B=3/2 . Mean degree
” "

Figure 4: Numerical results for the planar lune-based f-skeleton
with f =3/2: unit region, empirical mean degree, and rescaled
edge-length distributions.

5.2. Stepping-stone diversion regions
For a > 1, define the stepping—stone region

SssaP.@)={z€R? : ||z —pl||

(5.14)
+llz =gl <7 ).

It has unit representative
Keso={z€R’ : |z +|z—¢ || < 1}. (5.15)

For a = 1, the triangle inequality forces the region to be
the segment [p, g], which has zero d-dimensional volume.
Thus a = 1 lies outside the positive-volume unit-region class
of Definition 3.1. For a > 1, set

_ 10 2 o1 ey 2]
yalw) = 5[40 = (144 = (1 =u)’] 516

x;(u) =u+u*1(1- u“)z_a/“ .

Then

1
agss(@) =2k, / , Y@ ™x! () du. (5.17)
27 a

Proof. Normalize the pair (p, q) to (0, e;), parametrize one
symmetric half of its boundary by u, whose longitudinal
coordinate has derivative x; (u), and whose orthogonal (d —
1)-dimensional section is a ball of radius y,(u); integrating
the section volume &,_;y,(u)~! with respect to x’ (u) du,
and doubling by symmetry, yields (5.17).

366

- empiical - theory
343
m g
Saz0f— -
' U ’ ) T
297
] i 3% [ n=100 am
x sample size

1
07
2 0s0
02:

Figure 5: Numerical results for the planar stepping—stone
region with @ = 3: unit region, empirical mean degree, and
rescaled edge-length distributions.

5.3. Planar one-region Veltkamp subfamilies

Lemma 5.1 applies directly to two planar one-region
subfamilies of Veltkamp’s y-neighborhood construction.
Write

m .= Eel’ e, :=(0,1), (5.18)
and, for
define
72—
R 1 P VIri( Iyl)‘ (5.20)

T aa—pn T 2=

For the nonsymmetric planar regions considered below, we
use the unique orientation-preserving rotation

R,, € SOQ) (5.21)
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satisfying

R, 61 =u,, (5.22)

This fixes the orientation of the normalized region relative
to each ordered pair (p, q).

The (0, y)-subfamily. Fory, =0andy; =y, set

1
Dy :=B(m ),
0 5

The construction has one prescribed neighborhood, namely

D, := B(m+h,ey, R,). (5.23)

DynD,, y<0,
KO,}’ = Do, }/ = 0, (5.24)
DyuD,, y>0.

Thus the (0, y)-subfamily is of intersection type for y < 0
and of union type for y > 0.

Ko, 7= 055 - Mean o

‘ ree
os
! 75 ¥
e 0.59
o 0se
5 ; ‘ : T T
" i e

Figure 6: Numerical results for the planar (0, y)-subfamily with
y = 0.55: unit region, empirical mean out-degree, and rescaled
edge-length distributions.

Weibull simulation

distribution

Diagonal (y, y)-subfamily. When

Yo=rn=1 (5.25)
Fory € (—1,1) \ {0}, write
Dy = B(m+h,e;.R,). (5.26)

The original diagonal Veltkamp construction is recov-
ered by coupling the set operation to the sign of y:

Dy—nD;f, -1<y<0,

K,, = B<m,%>, y =0, (5.27)
- +
DyuDy, O<y<l.

Corollary 5.6 (Diagonal Veltkamp subfamily and the cir-
cle-based g-skeleton). Fory € (—1, 1), the planar diagonal
Veltkamp subfamily K, , coincides with the circle-based p-
skeleton in Veltkamp’s normalized parameterization, with

ﬁnorm =7 (528)

Equivalently, if f > 0 denotes the standard nonnegative
circle-based parameter, then

= 5.29
P ;, 0<y<l. ( )
l—y

Proof. For y < 0, the circle-based neighborhood is the
intersection of two disks of radius

1 1

= =R, (5.30)
20+y)  2(-1rD !
For y > 0, it is the union of two disks of radius
bo_1 R,. (5.31)

2 20—y 7

Aty = 0, both constructions reduce to the Gabriel disk. [J

K, 7=-03 o Meai

Figure 7: Numerical results for the planar diagonal (7,7)-
subfamily with y = —0.3: unit region, empirical mean degree,
and rescaled edge-length distributions.

These two subfamilies are full prescribed empty-region
graphs. For general parameter pairs (yy,y;), Veltkamp’s
construction may involve two alternative neighborhoods and
is not, in general, determined by the emptiness of one pre-
scribed pair region.

y-parameterized planar regions. Set

-1 rr >0,
€ = 071 (5.32)
L, yrn =0
Define the two disks
pO ._p m+hy0€27
Y0471 Ry ’
0 (5.33)
pM -—B m+ €rom hi’lez’
Ton * R, .
The y-parameterized two-ball region is
0) (1
D, NnDy, . 11 <0,
e 1
K-, =1B <m 5), Yo=7,=0, (534
0) (1)
Dyo’h U DYOJ/I’ "> 0.

This parameterization is useful because it selects one
prescribed pair region S(p,q) for each candidate pair,
rather than requiring the two alternative neighborhoods
that may arise in Veltkamp’s general planar construction.
Consequently, the selected rule belongs to the unit-region
framework, so the factorization, Poisson void, mean out-
degree, and incident-edge length identities derived above
apply directly.
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Ky vg = =015, y7 = =035 Mean out-degree Weibull simulation

= cmpiical ==+ theary 100 -

1079

Figure 8: Numerical results for the planar y-parameterized
two-ball region with y, = —0.15 and y;, = -0.35: unit

region, empirical mean out-degree, and rescaled edge-length
distributions.

5.4. Densities

For a fixed ambient dimension d and a fixed Poisson
intensity p, the normalized Palm edge-length law depends
on the particular unit region K only through its volume a.
Indeed,

gx(@) = pdag ¢~ exp {—payxt?}, ¢ >0. (5.35)

Thus, when d and p are held fixed, the Weibull shape pa-
rameter remains unchanged, whereas the unit-region volume
ag is the only rule-specific quantity affecting the scale pa-
rameter (pay)~'/¢. In particular, regions with larger volume
produce shorter characteristic edge lengths.

Density

n=-07
7y =015, y; =035
y=-030

a=105

Figure 9: Theoretical planar edge-length densities for the
normalized regions at unit intensity. Larger unit-region areas
shift the densities toward shorter edge lengths; the curves
correspond to the graph families described above.

6. Discussion

6.1. Region volume as a geometric complexity
parameter
A key feature of the present framework is that, for finite
similarity-region empty-region rules, the volume of the unit
region,
ag = Ay(K), 6.1

acts as a geometric complexity parameter. The factorization

4q(S(p, @) = agllp —aqll“ 6.2)

shows that the effect of the exclusion rule on the volume of
the region associated with a pair is completely captured by
ag. Consequently, at the fixed-pair and first-moment levels,
proximity rules with different shapes but the same unit-
region volume have the same Poisson void probability as
a function of pair length, the same mean out-degree of a
typical point, and the same normalized incident-edge length
law. For symmetric rules, the out-degree coincides with the
ordinary degree.

This interpretation gives ag a direct geometric and prob-
abilistic meaning. A larger value of ag corresponds to a
more restrictive exclusion rule: the region that must be
empty for a pair to form an edge is larger, so edges occur
less frequently. Quantitatively, the mean out-degree of a
typical point is k; /ag . For symmetric rules, this is also the
mean degree. The characteristic incident-edge length scale is
(pa K)‘l/ . Thus the region volume simultaneously controls
graph sparsity and the scale of the edges that remain.

6.2. Explicit families and computable
consequences

The formulas for lune-based f-skeleton regions, selected
planar two-ball regions associated with Veltkamp’s con-
struction, and stepping—stone diversion regions demonstrate
that the general factorization is not merely formal. For these
families, explicit or one-dimensional integral expressions for
the unit region volume make it possible to obtain concrete
edge probabilities, mean out-degrees, and, for symmetric
subfamilies, mean degrees, together with Weibull scales.

This separation is useful because the same stochastic
formulas apply to every admissible region, whereas the geo-
metric calculation of ag depends on the particular rule. Ball-
generated regions can be treated through hyperspherical-cap
formulas, while the stepping—stone family leads naturally to
a different integral representation. The framework therefore
accommodates distinct geometric mechanisms without re-
quiring a new probabilistic derivation for each graph family.

6.3. Scope and limitations of the pairwise-region
framework

Constructions beyond prescribed pairwise regions.
The framework requires one prescribed finite region S(p, q)
for each candidate pair. Delaunay adjacency is existential:
two points are joined by an edge when some sphere with the
two points on its boundary and center on their perpendicular-
bisector hyperplane is empty (Devroye, 1988); thus the test
ranges over a family of balls rather than one prescribed
region S(p, q).

Veltkamp’s y-neighborhood construction requires a sep-
arate qualification. In ambient dimension d > 3, its defining
neighborhood is associated with d sites (xy,...,x;), and
an empty neighborhood joins all (‘21) pairs among those
sites. It is therefore a higher-arity construction rather than
a prescribed pairwise rule.

Voronoi cells are determined by comparisons with all
sites, whereas the Euclidean minimum spanning tree is
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selected by a global optimization criterion. These construc-
tions are closely related to the present graphs, but do not fall
within the prescribed finite pairwise-region framework with-
out additional analysis (Devroye, 1988; Toussaint, 1980;
Jaromczyk and Toussaint, 1992; Veltkamp, 1992; Penrose
and Yukich, 2001).

Infinite-volume regions. Infinite strips and halfspaces
may be similarity-covariant, but they satisfy

Ag(K) = 0. (6.3)
For example, in the lune-based f-skeleton family, the lim-
iting region as f — oo is the infinite slab bounded by the
hyperplanes through p and g perpendicular to g — p; in the
plane, this is the usual infinite strip (Cardinal et al., 2009).
Consequently, the finite-volume Poisson void formulas and
the constants derived here do not apply directly (Devroye,
1988; Veltkamp, 1992).

6.4. Limits of the first-moment theory

The reduction to ag has a precise scope. It governs one-
pair void probabilities and Palm first-moment quantities, but
it does not determine joint statistics of distinct edges. For
example, degree variances, edge-length correlations, and
factorial moment measures depend on the overlap geometry
of two or more exclusion regions. These quantities involve
volumes such as

24(8(0,x)U 5(0,)), (6.4)

which cannot generally be recovered from the single scalar
ag.

The framework is also restricted to prescribed finite pair-
wise regions. Delaunay adjacency, Voronoi constructions,
Euclidean minimum spanning trees, infinite-volume regions,
and cone constructions based on an external orientation
convention fall outside this setting for different structural
reasons. These exclusions are not defects of the factorization
theorem; rather, they identify which geometric mechanisms
must be incorporated by a more general theory.

6.5. Directions beyond Euclidean similarity
regions

A natural extension is to normed or anisotropic settings.
In Euclidean space, rotation covariance makes the volume
constant independent of the direction of the pair. Let || - ||,
denote a norm on R¢ with unit ball L. In a general normed
space or under anisotropic pairwise rules, the exclusion-
region volume may instead take the form

2a(S(P. @) = aw) llp—qll% (6.5)

where u denotes the direction of g — p. In that setting,
conditional edge-length laws may remain Weibull in each
direction, while the unconditional law becomes a directional
mixture. Characterizing the rules for which a direction-
independent Weibull law persists would extend the present
universality result.

A second direction is higher-order Palm analysis.
Explicit formulas for degree variance, joint incident-edge
statistics, and stabilization properties would require a
systematic treatment of exclusion-region overlaps.

Finally, the exact Weibull law suggests statistical ques-
tions. It would be natural to investigate how the effective
scale pag can be estimated or tested from observed proxim-
ity graphs, and whether departures from the predicted law
can be used to diagnose anisotropy, spatial inhomogeneity,
or non-Poisson interaction.

7. Conclusion

Finite similarity-region empty-region rules admit a
simple geometric reduction: their pairwise region volumes
are determined by the unit region volume a . This reduction
yields exact Poisson void probabilities, first-moment
directed-edge statistics, and a Weibull law for incident-edge
lengths. For symmetric rules, these directed-edge results
yield the corresponding undirected degree and typical-
edge statements. Explicit constants for ball-generated and
stepping—stone regions show that the theory applies to
several classical and nonclassical proximity constructions.
The remaining challenge is to move beyond one-pair
and first-moment quantities toward overlap-sensitive,
anisotropic, and higher-order theories.

Data availability

No external datasets were used or analyzed in this study.
The numerical results were obtained from point-process
simulations generated using the ProximityGraphs Python
package (Maravillo, Villarreal and Espino-Montelongo,
2026).

Declaration of competing interest

The authors declare no competing interests.

Declaration of generative AI and Al-assisted
technologies in the manuscript preparation
process

During the preparation of this work, the authors used
ChatGPT, an Al language model by OpenAl, to assist with
drafting descriptions of figures and tables and with improv-
ing language, clarity, and structure. After using this tool, the
authors reviewed and edited the content as needed and take
full responsibility for the content of the published article.
No generative Al tool was used to generate research data,
conduct simulations, or replace the mathematical derivations
and verification reported in the manuscript.

Funding

This research did not receive any specific grant from
funding agencies in the public, commercial, or not-for-profit
sectors.

H. Espino-Montelongo and H. Maravillo: Preprint submitted to Elsevier

Page 11 of 15



Unit-region factorization for empty-region proximity graphs

CRediT authorship contribution statement

Heriberto Espino-Montelongo: Conceptualization,
Methodology, Formal analysis, Investigation, Validation,
Visualization, Writing — original draft. Héctor Maravillo:
Conceptualization, Investigation, Supervision, Writing —
review and editing.

References

Alonso, L., Méndez-Bermudez, J., Estrada, E., 2019. Geometrical and
spectral study of f-skeleton graphs. Physical Review E 100, 062309.
doi:10.1103/PhysRevE. 100.062309.

Baccelli, F., Blaszczyszyn, B., 2010. Stochastic geometry and wireless
networks: Volume i theory. Foundations and Trends in Networking 3,
249-451. doi:10.1561/1300000006.

Bose, P., Dujmovié, V., Hurtado, F., Iacono, J., Langerman, S., Meijer, H.,
Sacristan, V., Saumell, M., Wood, D.R., 2012. Proximity graphs: e,
6, 6, y and w. International Journal of Computational Geometry &
Applications 22, 439-469. doi:10.1142/56218195912500112.

Cardinal, J., Collette, S., Langerman, S., 2009. Empty region graphs.
Computational Geometry 42, 183-195. doi:10.1016/3.comgeo. 2008.09.
003.

Cimikowski, R., 1990. Coloring certain proximity graphs. Computers &
Mathematics with Applications 20, 69—-82. doi:10.1016/0898-1221(90)
90032-F.

Correa, C., Lindstrom, P., 2011. Towards robust topology of sparsely
sampled data. IEEE Transactions on Visualization and Computer
Graphics 17, 1852-1861. doi:10.1109/TVCG.2011.245.

Devroye, L., 1988. The expected size of some graphs in computational
geometry. Computers & Mathematics with Applications 15, 53-64.
doi:10.1016/0898-1221(88)90071-5.

Gabriel, K.R., Sokal, R.R., 1969. A new statistical approach to geographic
variation analysis. Systematic Zoology 18, 259-278. doi:10.2307/
2412323.

Hurtado, F., Liotta, G., Meijer, H., 2003. Optimal and suboptimal robust
algorithms for proximity graphs. Computational Geometry 25, 35-49.
d0i:10.1016/50925-7721(02)00129-3.

Iguchi-Cartigny, J., Ruiz, P.M., Simplot-Ryl, D., Stojmenovic, I., Yago,
C.M.,, 2008. Localized minimum-energy broadcasting for wireless
multihop networks with directional antennas. IEEE Transactions on
Computers 58, 120-131. doi:10.1109/TC.2008.125.

Jaromczyk, J.W., Kowaluk, M., 1991. Constructing the relative neigh-
borhood graph in 3-dimensional Euclidean space. Discrete Applied
Mathematics 31, 181-191. doi:10.1016/0166-218X(91)90069-9.

Jaromczyk, J.W., Toussaint, G.T., 1992. Relative neighborhood graphs and
their relatives. Proceedings of the IEEE 80, 1502—-1517. doi:10.1109/5.
163414,

Jiménez-Badillo, D., Chapman, D., 2002. An application of proximity
graphs in archaeological spatial analysis, in: Wheatley, D., Earl, G.,
Poppy, S. (Eds.), Contemporary Themes in Archaeological Computing.
Oxbow Books, Oxford, pp. 90-99.

Jurkiewicz, P., 2023. Topohub: A repository of reference Gabriel graph and
real-world topologies for networking research. SoftwareX 24, 101540.
doi:10.1016/3.softx.2023.101540.

Kannangara, S., Tanin, E., Harwood, A., Karunasekera, S., 2018. Step-
ping stone graph for public movement analysis, in: Proceedings of
the 26th ACM SIGSPATIAL International Conference on Advances in
Geographic Information Systems, pp. 149-158. doi:10.1145/3274895.
3274913.

Kirkpatrick, D.G., Radke, J.D., 1985. A framework for computational
morphology, in: Toussaint, G.T. (Ed.), Computational Geometry. North-
Holland. volume 2 of Machine Intelligence and Pattern Recognition, pp.
217-248.

Kowaluk, M., Majewska, G., 2015. New sequential and parallel algorithms
for computing the f-spectrum. Theoretical Computer Science 590, 73—
85. doi:10.1016/3.tcs.2015.03.033.

Last, G., Penrose, M., 2017. Lectures on the Poisson Process. Institute of
Mathematical Statistics Textbooks, Cambridge University Press. doi:10.
1017/9781316104477.

Li, S., 2011. Concise formulas for the area and volume of a hyperspherical
cap. Asian Journal of Mathematics and Statistics 4, 66—70. doi:10.3923/
ajms.2011.66.70.

Maravillo, H., 2024. Modelacién matematica de los asentamientos hu-
manos en México. Ph.d. thesis. Universidad Nacional Auténoma de
Meéxico. URL: https://hdl.handle.net/20.500.14330/TES01000856548.
programa de Maestria y Doctorado en Ciencias Matematicas y de la
Especializacion en Estadistica Aplicada, Instituto de Matematicas.

Maravillo, H., Calvillo, G., Trevifio-Aguilar, E., 2023. Recovering cyclic
tilings through f-skeletons, in: XII Latin-American Algorithms, Graphs
and Optimization Symposium (LAGOS 2023), Elsevier. pp. 343-351.
doi:10.1016/j.procs.2023.08.246.

Maravillo, H., Villarreal, D., Espino-Montelongo, H., 2026. Proximity-
graphs. doi:10.5281/zenodo.21088183.

Marchette, D.J., 2005. Random graphs for statistical pattern recognition.
John Wiley & Sons.

Mathieson, L., Moscato, P., 2019. An introduction to proximity graphs, in:
Moscato, P., de Vries, N. (Eds.), Business and Consumer Analytics: New
Ideas. Springer, pp. 213-233. doi:10.1007/978-3-030-06222-4_4.

Matula, D.W., Sokal, R.R., 1980. Properties of Gabriel graphs relevant to
geographic variation research and the clustering of points in the plane.
Geographical Analysis 12, 205-222. doi:10.1111/j.1538-4632.1980.
tb00031 . x.

Mitchell, J.S.B., Mulzer, W., 2017. Proximity algorithms, in: Goodman,
J.E., O’Rourke, J., Té6th, C.D. (Eds.), Handbook of Discrete and Com-
putational Geometry. 3rd ed.. CRC Press. chapter 32, pp. 849-874.
doi:10.1201/9781315119601.

Penrose, M.D., Yukich, J.E., 2001. Central limit theorems for some graphs
in computational geometry. The Annals of Applied Probability 11,
1005-1041. doi:10.1214/a0ap/1015345393.

Sambale, H., Schulte, M., Thaele, C., 2026. Limit laws for longest edges
in empty region graphs. arXiv preprint arXiv:2604.09248 URL: https:
//arxiv.org/abs/2604.09248.

Toussaint, G., 2005. Geometric proximity graphs for improving nearest
neighbor methods in instance-based learning and data mining. Interna-
tional Journal of Computational Geometry & Applications 15, 101-150.
doi:10.1142/50218195905001622.

Toussaint, G.T., 1980. The relative neighbourhood graph of a finite planar
set. Pattern Recognition 12, 261-268. doi:10.1016/0031-3203(80)
90066-7.

Toussaint, G.T., 2014a. Applications of the relative neighbourhood graph.
International Journal on Advances in Computing Science & Its Appli-
cations 4, 77-85.

Toussaint, G.T., 2014b. The sphere of influence graph: Theory and appli-
cations. International Journal of Information Technology & Computer
Science 14, 37-42.

Toussaint, G.T., Berzan, C., 2012. Proximity-graph instance-based learn-
ing, support vector machines, and high dimensionality: An empirical
comparison, in: Perner, P. (Ed.), International Workshop on Machine
Learning and Data Mining in Pattern Recognition, Springer. pp. 222—
236. doi:10.1007/978-3-642-31537-4_18.

Veltkamp, R.C., 1992. The y-neighborhood graph. Computational Geom-
etry 1, 227-246. doi:10.1016/0925-7721(92)90003-B.

Watanabe, D., 2008. Evaluating the configuration and the travel efficiency
on proximity graphs as transportation networks. Forma 23, 81-87. URL:
https://forma.katachi-jp.com/abstract/2302/23020081.html.

H. Espino-Montelongo and H. Maravillo: Preprint submitted to Elsevier

Page 12 of 15


http://dx.doi.org/10.1103/PhysRevE.100.062309
http://dx.doi.org/10.1561/1300000006
http://dx.doi.org/10.1142/S0218195912500112
http://dx.doi.org/10.1016/j.comgeo.2008.09.003
http://dx.doi.org/10.1016/j.comgeo.2008.09.003
http://dx.doi.org/10.1016/0898-1221(90)90032-F
http://dx.doi.org/10.1016/0898-1221(90)90032-F
http://dx.doi.org/10.1109/TVCG.2011.245
http://dx.doi.org/10.1016/0898-1221(88)90071-5
http://dx.doi.org/10.2307/2412323
http://dx.doi.org/10.2307/2412323
http://dx.doi.org/10.1016/S0925-7721(02)00129-3
http://dx.doi.org/10.1109/TC.2008.125
http://dx.doi.org/10.1016/0166-218X(91)90069-9
http://dx.doi.org/10.1109/5.163414
http://dx.doi.org/10.1109/5.163414
http://dx.doi.org/10.1016/j.softx.2023.101540
http://dx.doi.org/10.1145/3274895.3274913
http://dx.doi.org/10.1145/3274895.3274913
http://dx.doi.org/10.1016/j.tcs.2015.03.033
http://dx.doi.org/10.1017/9781316104477
http://dx.doi.org/10.1017/9781316104477
http://dx.doi.org/10.3923/ajms.2011.66.70
http://dx.doi.org/10.3923/ajms.2011.66.70
https://hdl.handle.net/20.500.14330/TES01000856548
http://dx.doi.org/10.1016/j.procs.2023.08.246
http://dx.doi.org/10.5281/zenodo.21088183
http://dx.doi.org/10.1007/978-3-030-06222-4_4
http://dx.doi.org/10.1111/j.1538-4632.1980.tb00031.x
http://dx.doi.org/10.1111/j.1538-4632.1980.tb00031.x
http://dx.doi.org/10.1201/9781315119601
http://dx.doi.org/10.1214/aoap/1015345393
https://arxiv.org/abs/2604.09248
https://arxiv.org/abs/2604.09248
http://dx.doi.org/10.1142/S0218195905001622
http://dx.doi.org/10.1016/0031-3203(80)90066-7
http://dx.doi.org/10.1016/0031-3203(80)90066-7
http://dx.doi.org/10.1007/978-3-642-31537-4_18
http://dx.doi.org/10.1016/0925-7721(92)90003-B
https://forma.katachi-jp.com/abstract/2302/23020081.html

Unit-region factorization for empty-region proximity graphs

A. Applied uses of fixed-region proximity graphs

The same empty-region regions also appear outside the Poisson setting. In these applications the point set is usually
observed, constructed, or simulated, and the graph is used as a geometric summary of adjacency, obstruction, or movement.
Table 1 records the role of the region in each setting; it is not an extension of the Poisson formulas above.

Table 1

Applied settings where fixed-region proximity graphs are used as geometric adjacency rules.

Source

Setting

Role of the region

(Gabriel and Sokal,
1969; Matula and
Sokal, 1980)

(Toussaint, 1980;
Jaromczyk and
Toussaint, 1992)

(Watanabe, 2008)

(Maravillo et al.,

2023; Maravillo,
2024)

(Kannangara
et al., 2018)

(Jurkiewicz, 2023)

Geographic variation
and clustering

Computational
morphology and spatial
analysis

Transportation-network
models

Street-network and
tiling models

Public movement
analysis

Network topology
generation

The Gabriel disk with diameter pq is used as a local
adjacency criterion for geographic data analysis.

Gabriel, relative-neighborhood, and f-skeleton regions
encode neighborhood and shape information in finite
planar point sets.

Proximity graphs are compared as idealized road-
network skeletons and evaluated through travel-
efficiency criteria.

p-skeleton regions are used to recover cyclic tiling
graphs motivated by empirical street-network
structures.

The stepping—stone region gives a parameterized
diversion corridor bounded between the Gabriel case
and the relative-neighborhood case.

Gabriel graph regions are used to generate repro-
ducible reference physical network topologies in
structural design.
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Unit-region factorization for empty-region proximity graphs

B. Consequences of the unit-volume constant (a,)

Table 2

Poisson—Palm and Weibull consequences of the unit-volume constant (ay).

Source

Result

Exact consequence

Cor. 4.1

Cor. 4.2

Cor. 4.3

Def. 4.4

Cor. 4.5

Cor. 4.6

Cor. 4.7

Def. 4.8

Thm. 4.9

Cor. 4.10

Cor. 4.10

Fixed-pair void law

Typical points void
law

Palm—Mecke
identity

Incident-edge length
measure

Incident-edge length
density

Mean out-degree

Undirected edge
intensity

Palm edge
distribution

Weibull law

Universal scaling

Exponential
transform

P{0(S(. )\ (p.a}) =0} =exp { —pay 2, }

pa

PP {dﬁ,‘q(S(p, Q) = 0} = exp {—pakf;’,,,}

E'| Y gz @) |=p / g(x) GXP{—paKf {{x} dx
R4 '

XE(I)‘[)

(@O =E| Yy @1 {£,, € C}

)
xE(DO

v (dr) = pdx,r" ' exp {—paKrd} dr

K
05 [degout(z)] = a_d, zeRY
K

Prx _ K (for symmetric rules)

p 2ag

vk (C)

ug(C) = ———, ~H

T vk (10,00)) R

Ly ~ Weibull (d, (pay)™")
Zy = (pag)" L, ~ Weibull(d, 1)

Ug = paKL‘;( ~ Exp(1)

Here ag = 1,(K), and yg(x;n) is the indicator that the pair region S(0, x) contains no point of # other than its endpoints.
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Unit-region factorization for empty-region proximity graphs

C. First-order distributional characteristics of edge length

Table 3

Derived distributional characteristics of the length L of a typical incident edge

Quantity

Formula

Length distribution

Distribution function

Density

Hazard function

Cumulative hazard function

p-quantile, 0 < p< 1

Median

Raw moment

Mean length

Variance

Coefficient of variation

Exponential transform

Standardized edge length

Planar specialization, d =2

Ly ~ Weibull (d, (pag)™")

P{Lg <} =1-exp{—pagt’}, £20
(@) = dpag " exp{—pagt?}, >0
hi(€) = dpa 7", >0
Hy(£) = pagt?,  £20

0(p) = (pag)™"[-log(1 - p)1"

med(L ) = (pa,) " (log2)"

E[Ly] = (a0 T(1+ %), m20
e 1
E[L,] = (pag) ™" 'T (1 n E)

var(Ly) = (pag ) [F(l + %) —r<1 + 5)2]

1/2

pag(Lg)! ~ Exp(1)

(pag)" Ly ~ Weibull(d, 1)

i)

Ly ~ Rayleigh (
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